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Abstract. This article analyzes the theoretical foundations of boundary value
problems for integrodifferential equations with integral operators and methods for solving
them. Since boundary value problems involve the combined action of differential and integral
operators, their solutions are defined in complex function spaces. The article examines the
conditions for the existence, uniqueness, and stability of solutions to equations with integral
operators of the Fredholm and Volterra types. The potential of numerical solution methods is
also discussed.
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KPAEBDIE SATAYN NJId UHTETI'PO- AN OOEPEHIINAJIBHBIX
YPABHEHU C MTHTET'PAJIbHBIMU OIIEPATOPAMHU

Abecmparxmubiti. B cmamve ananusupyromces meopemuueckue 0CHO8bL KPAesbLX
3a0au 01 UHMe2POoOUPDPEPeHUUATIbHbLY YPABHEeHUL ¢ UHMEe2PAJIbHbIMU ONepamopamu u
memoobt ux pewerus. Ilockonvky Kpaesvie 3a0a4ui npeonosia2arm cosmecmHoe oeticmaeue
oudeperyuaivbHblx U UHMEeSPAJIbHbLX ONEePamopos, UX peuleHUus Onpeoessaimcs 6
KOMNJIEKCHBbLX  (DYHKUUOHAJIbHbIX npocmpancmeax. B cmamove uccnedyiomces ycio8us
CYW,eCme08aHUs,  eOUHCMEEHHOCMU U  YCMOUYUBOCMU  peuleHUll  YPA8HeHUll ¢
urmezpaibHbvimu onepamopamu muna Ppedeonvma u Borvmeppa. Obcyosrcoaiomes makoice
603 MONCHOCMU YUCTICHHbLYX MeMO0008 PeUleHUS.

Knwuesnvte cniosa: unmezpoouggeperyuanbHoe ypasHeHue, UHMeSPaibHbLL
onepamop, Kpaesasa 3a0aua, onepamop  Dpedeonvma, onepamop  Bonvmeppa,
e0UHCMBEHHOCMb PeULeHUA, YCMOUYUB0CMb, (PYHKUUOHATIbHOE NPOCMPAHCM.E0.

INTEGRAL OPERATOR QATNASHGAN INTEGRO-DIFFERENSIAL
TENGLAMALAR UCHUN CHEGARAVIY MASALALAR

Annotatsiya. Ushbu maqolada integral operator ishtirok etuvchi integrodifferensial
tenglamalar uchun chegaraviy masalalarning nazariy asoslari va ularni yechish metodlari
tahlil qilinadi. Chegaraviy masalalar differensial va integral operatorlarning birgalikdagi
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ta’sirint 0z ichiga olganligi sababli, ularning yechimlari murakkab funksional fazolarda
aniqlanadi. Maqolada Fredgolm va Volterra turidagi integral operatorlar qatnashgan
tenglamalar uchun yechim mavjudligi, yagonaligi va barqarorligi shartlari organiladi.
Shuningdek, sonli yechim usullarining qollanish imkoniyatlari ham yoritilgan.

Kalit so‘zlar: integrodifferensial tenglama, integral operator, chegaraviy masala,
Fredgolm operatori, Volterra operatori, yechim yagonaligi, barqarorlik, funksional fazo.

INTRODUCTION

In modern mathematical physics, mechanics, biology, and engineering, many
processes are described by equations with integral operators. Integro-differential
equations play an important role, especially in modeling systems with delay,
diffusion, or cumulative properties.

In such equations with an integral operator, the state of the system depends
not only on the current value of the parameter but also on changes that occurred in
the previous time interval. Therefore, their analysis requires the use of classical
differential equation theory, requiring the application of methods from functional
analysis, operator theory, and boundary value problems.

RESEARCH METHODOLOGY

Boundary value problems of integrodifferential equations are usually viewed
as natural models of physical processes, such as heat conduction, electromagnetic
wave propagation, deformation systems, and the dynamics of biological populations.
Their analysis is accomplished by proving the existence, uniqueness, and stability of
solutions.

In this context, the study of boundary value problems for equations with
integral operators is a topical issue from both theoretical and practical points of view.

We've become familiar with the basic problems of integro-differential
equations and one method for studying them. As with ordinary differential equations,
boundary value problems can be posed for integro-differential equations. In this
article, we'll use examples to introduce the formulation of such boundary value
problems and methods for solving them.

RESEARCH AND RESULTS

Issue 3.
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y"(x) + ;xzy’(x) + ;xy(x) +¥f(x —t)?y(t)dt =6x, x€(0,1) 1.1)
0

The equation is continuous on the interval and[0,1]
y(0) =1, y(1) =2 (1.2)
Find a solution that satisfies the boundary conditions.
Solution: This problem can be studied in two different ways.
Method 1. We integrate the given equation over the interval . As a result,
taking into account that and are unknowns, we obtain: [0,x]y(0) = 1y'(0)

2 1 _.x 4 1
Y () + 2y () + 5 [ty @t + 5 [ T = 0 + Ely(©)de = y'(0) + 32

We get an equation. We can substitute this equation into the interval again.[0, x]

If we integrate and take into account the boundary condition,y(0) = 1

1
y(x) +7.[0
=y'(0)x+x3+1 1.3

1

xty(t)+;j [(x — t)* — t* + 4t3x]y(t)dt =
0

X

This implies equality. Considering that and in (3.27), we find in the following
form:x = 1y(1) = 2y'(0)

y'(0) = ;fox (1 -3t + 6t2)y(t)dt

y'(0)If we substitute this expression into (1.3), we obtain

X

1
y(x) + 7]; xty(t)dt +

1 1
+7f x(x3 —4x?%t + 6xt? —6t% + 3t — D)y(t)dt =x3+ 1
0

We get the equation. If

>t
x(x3 —4x?t + 6xt> —6t>+3t—1), x<t

3 _ 2 2 _ p42 _ >
K(x,t):{x(x 4x°t + 6xt° —6t“+4t—1), x

If we introduce the notations, the last equation will take the form

y(x) + ;f K(x,t)y(®)dt=x3>+1, x€[0,1] (1.4)

can be written as: (1.4) is a Fredholm integral equation of the second kind with

respect to the function . The function can be written as follows:y(x)K (x, t)
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x(1—-20)[(1—-x)—(x—=2t)2-2(1—-1t)?], x=>t
K(x,t)=1—x(1—x)[(x—2t)2 +2(1 —t)?] +
+x[(1—x)? —t], x <t

Using this, we can show that . In this case, the inequality holds. Given this inequality,
the piecewise continuity and boundedness of , and the fact that is a continuous
function, it follows that a solution to the integral equation (1.4) exists and is unique
according to Fredholm's theorem. That the solution to the integral equation (1.4) is
twice continuously differentiable and is a solution to Problem 1.3 is proved similarly
to Problem 1.1.sup|K(x,t)| < 6(1/7) < (1/sup|K(x, t)DK(x, t)x3 + 1

Method 2.This method is called the Green's function method. It can be used
when the Green's function of a boundary value problem with given boundary
conditions is known for a particular solution of a given equation. In this case, the
Green's function of the problem with conditions (1.2) can be used for a particular

solution of the given equation. This functiony” (x) = 0

_(x(t—-1), x<t
G(x’t)_{(x—l)t, x>t

has the form, and the equalities are valid. Using the substitution problem, we obtain

the following homogeneous boundary condition: G(x,0)=G(x,1) =
0{(1.1),(1.2)}z(x) = y(x) —x—1

1 3
z"(x) + 7xzz'(x) + 7xz(x) +

+¥fl (x — t)?z(t)dt = —;(22x2 —59x +7) (1.5)
’ 2(0) =0,2(1) =0 (1.6)

Let's consider the problem. Equation (1.5)
z"(x) = f(x) (1.7)

we can write this down in a visual form and consider the issue here{(1.6), (1.7)}
1
fx) = —7(22x2 —59% +7) —
1., 3 12 fl N22()de
7xz(x) 7xz(x) 7, (x —t)°z(t)dt.

If we temporarily assume that the function is known, then the solution to the problem

will bef (x){(1.6), (1.7)}
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2(x) = f G(x, O)f (Ddt
0

It is determined by the formula. If we first substitute the expression of the function

into this equation, and then the expression of the function, f (x)z(x)

1

1 1
y(x) + —j G(x,t) |t2y'(t) + 3y () + 12f (t - f)ZJ’(f)dfl dt =
0 0

7

=14 2x—x3 1.8
We obtain the following equality. Integrating by parts the term included in this
equation and changing the order of integration in the term included in the iterated

integral, we obtain the equation for the unknown function:y'(t)y(x)

1

y(x) + lf K (x, t)y(t)dt =1+ 2x + —x3 (1.9)
7Jo

we have an integral equation of the form, where

K (x, t) = (3—2t)G(x,t) — t2G{(x,t) + 12f G(x,&)(§ —t)%d¢.
0

(1.9) is a Fredholm integral equation of the second kind, equivalent to the problem
(in the sense of the existence of a solution). The existence of a unique solution is
investigated in the same way as in Method 1. {(1.1),(1.2)}
Problem 1.3 can be investigated using the two methods used above, even if the
interval integral in equation (3.25) is replaced by an interval integral. In cases where
the integral part of the equation under consideration has a special form, other
methods can be used to solve the problem.[0,1][0, x]
Conclusion
Boundary value problems for integro-differential equations with integral
operators represent one of the most complex, yet practically important, areas of
mathematical modeling. Determining the conditions for the existence and uniqueness
of solutions to such problems, as well as studying their stability, are among the
fundamental problems of mathematical physics and the theory of differential
equations.
Research shows that for systems with integral operators, solution analysis

using Fredholm and Volterra operators yields effective results. Furthermore, the
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practical modeling capabilities of such problems are expanded by using numerical
solution methods (for example, Chebyshev or Galerkin methods).

A deep study of boundary value problems with integral operators is important
not only in theoretical physics, but also in engineering, economics, and biological
systems.
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