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Annotatsiya: Ma'lumki, matematika kursidagi ba’zi muhim yigindilarni oddiy
usullarda hisoblash birmuncha qiyinchiliklar tug'dirishi mumkin. Ammo, kompleks analiz
usullaridan foydalangan holda bu yigindilarni oson hisoblash mumkin. Ushbu maqolada
ayrim yigindilar va kopaytmalarni kompleks analiz usullaridan foydalangan holda
hisoblash amaliy jihatdan oson hal qgilish mumkinligi ko‘rsatilgan.

Kalit so‘zlar: olimpiada masalalari, olimpiada, mantiqiy fikrlash, analitik
geometriya, geometrik metod.

BBIYMCJIEHAE CYMM U YMHOMXKEHW C MCIIOJIb30BAHUEM
METOJ0B KOMIIJTIEKCHOI'O AHAJIN3A

Aﬁcmpakmubu”t: H36€CH”LHO, umo 8vituucjsieHue HEeKOmopbvlX 8AdXHCHbLX CYyMM 8 Kypce
mamemamuru C UCnoJibdosaHuem npocmovix Memo008 Modcem 6bl3bleamb onpeaeﬂeHHbte
mpydnocmu. O()HGK'O, UCnoJib3yAa Memoobl KOMNJLEKCHO20 aHa/iu3a, oamu Cymmbl MONHCHO JiecKO
goiuuciums. B Odanmnoii cmamove NOKAa3aHO, moO 8bl4ducCjieHUue HeKomopovlx Cymm U
MHOMCUMeell ¢ UCNOJIb308AHUECM MeMmOo008 KOMNJICKCHO20 AHAJAU3A MOoxcem Obimb Jie2Ko
peueHo Ha npakmukKe.

Knwouesvie cnosa: onumnuaomsie sadaltu, Oﬂumnuada, JiocuvecxKkoe wmbluljieHue,
aHaiumuuecrkad ceomempus, 2eomempu%ec;cut2 Memoo.

CALCULATING SUM AND MULTIPLIES USING COMPLEX ANALYSIS
METHODS

Annotation: It is known that calculating some important sums in the mathematics
course using simple methods can cause some difficulties. However, using complex analysis
methods, these sums can be easily calculated. This article shows that calculating some sums
and multiplies using complex analysis methods can be practically easily solved.

Keywords: Olympiad problems, Olympiad, logical thinking, analytical geometry,
geometric method.

KIRISH

Elementar algebra kursini o‘rganish davomida sonlar sohasini kengaytira

bordik. Butun musbat sonlar — butun musbat va manfiy sonlar — ratsional sonlar
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— ratsional va irratsional sonlardan iborat haqiqiy sonlar. O‘rta maktab kursidan
ham ma’lumki har gqanday haqiqiy koeffitsiyentli kvadrat tenglama ham haqiqiy
sonlar sohasida yechimga ega bolavermaydi. Shu sababli ham haqiqiy sonlar
sistemasini kengaytirishga zarurat tug‘iladi.

Har gqanday haqiqiy koeffisiyentli ko‘phad haqiqiy sonlar sohasida ildizga ega
bo‘lavermasligi bu sonlar sistemasini kengaytirishga to‘g‘ri keladi. Kompleks sonlar
to‘plamining yopiqligi ya’ni, har qanday darajasi birdan kichik bolmagan ko‘phad,
albatta, bitta kompleks ildizga ega bo‘lishi bu to‘plamni o‘rganishimizga asos bo‘ladi.

Ma’lumki, matematika kursidagi ba’zi muhim yigindilarni oddiy usullarda
hisoblash birmuncha qiyinchiliklar tug‘dirishi mumkin. Ammo, kompleks analiz
usullaridan foydalangan holda bu yig‘indilarni oson hisoblash mumkin.

TATQIQOTDA QO‘LLANILGAN METODLAR

Ba’zi hisoblash murakkab bo‘lgan yigindi va ko‘paytmalarning giymatlarini
kompleks analiz metodlaridan foydalangan holda hisoblash va oson hisoblashga
qulaylik tug‘diradigan yo‘llarini topish masalasining o‘rganilishi kompleks sonlar
nazariyasining zamonaviy kontseptsiyalarini osonroq tushunishga yordam beradi va
shuningdek, kompleks analizning tatbiglari bobining rivojlanishiga asos bo‘ladi
hamda haqiqly analizning ba’zi masalalarini hal qilish wusullarini yanada
ko‘paytiradi.

Mazkur ishda kompleks sonlar xossalaridan foydalanib, Muavr va N’yuton
formulalarini qo‘llash natijasida isbotlash mumkin bolgan ba’zi bir ayniyatlar
keltirilgan va kompleks sonlarning yig‘indi ko‘paytmalarni hisoblashdagi tatbiglari
ko‘rsatilgan.

OLINGAN NATIJALAR VA ULARNING TAHLILI
1. Kompleks sonlar yordamida ayniyatlarni isbotlash.

1. Trigonometrik ko‘rinishda berilgan kompleks sonni darajaga ko‘tarishning ushbu
[r(cos ¢ +isin ¢)]" =r"(cos ny + isin ng) (1)
formulasida r =1 deb olsak, u holda Muavr formulasining xususiy holi, ya'ni

(cos ¢ +isin )" =cos ng +isin ng (*)
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tenglikni hosil gilamiz. Bu formulaning chap tomonidagi gqavsni N’yuton binomi
formulasi bo‘yicha ochib chiqib, so‘ngra i’ = -1, i’ = —i, i* =1 va umuman ixtiyoriy
musbat butun k son uchun
(4K 2 g jAke2 g Ak @)
ekanligini hisobga olsak va (*) tenglikning ikkala tomonidagi kompleks sonlarning
haqiqiy va mavhum gismlarini tenglashtirib quyidagi formulalarni hosil qilamiz:
cosng=cos"p—-C’cos" psin®p+Clcos" “psintp—..,
sin np=C_cos" "psin p—Clcos" P psin’p+C>cos" *psin®p—..

n(n-1)(n - 2)...(n -k +1)
1-2-3-...-k '

bu yerda C* =

Shunday qilib, biz karrali burchakning kosinus va sinuslarini oddiy burchak
kosinus va sinuslari orqali ifodalovchi formulalarni hosil qildik. Xususiy hollarni
qaraylik.

n =2 bolganda bizga elementar matematikadan ma’lum bo‘lgan quyidagi

formulalarni hosil gqilamiz:
cos 2¢ = cos” ¢ —sin * @,
sin 2¢ = 2sin ¢ -CoS ¢ .
n =3 bo‘lganda esa quyidagi formularni hosil gilamiz:
cos 3¢ = COoS 3¢) — 3cos ¢ sin ? @,
sin 3¢ = 3cos * gsin @ —sin ° .
2. sin ® x ni birinchi darajali kosinus va sinuslarning karralisi orqali ifodalang.

Yechish. « =cosx+isin x deb belgilash kiritaylik. U holda ushu

belgilashdan
41 1 cos X —isin X
a = — = — = — — =
a COS X+1isin X (cos X+ isin x)(cos X —isin X)
Cos X —isin X .
= > —,— =C0S X —isin X.
cos “ X + sin “ x
U holda
W |[NamDPI
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at = (cos X + isin x)k = cos kx + isin kx ,
-k - - -k .- -1qk .. k
a  =(cos x+isin x) ~ =[(cos x+isin x) "]° =[cos( —x)+isin( —x)]" =

= cos(—kx) + isin( —kx) = cos kx — sin kx.

Shunday qilib,
a® = cos kx + isin kx ,
o = cos kx — isin kx .
Bu yerdan
k -k
+
cos kx = %,
T 3)
sin kx =
2i

formulalarni hosil gilamiz. Ushbu formulada k =1 deb olsak, u holda

3

(sin X)3 = (a_z—ia_J = —:—i(a3 -3a +3a_1—a_3) = —é[(oz3 —a_a)—S(a —a_l)] =

1 1

= ——[2isin 3x —3-2isin x]=—(3sin x —sin 3x).
8i 4

Shunday qilib,

3sin x —sin 3x
4 .

sin > x =

3. cos ® x ni birinchi darajali kosinus va sinuslarning karralisi orqali ifodalang.

Yechish. (3) tenglikda k =1 deb quyidagi tenglikni hosil qilamiz:
8 at+a i 1 8 6 4 2
(cos x) = = (" +8a” +28a” +56a° + 70 +

2 256

4

1
+56a *+28a * +8a® +a_8) =E[(0:8 +05_8)-1-8(056 +a_6)+

1
+28(at+a ) +56(a’ +a‘2)+701=g(2cos 8X +16 cos 6X +

cos 8x +8cos 6X + 28 cos 4x + 56 cos 2x + 35
128 '

+ 56 cos 4x +112 cos 2x + 70) =
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Demak,
cos ® x — cos 8X +8cos 6X + 28 cos 4x + 56 cos 2x + 35
128 '
4. Ushbu

s=1-C’+Cl-cl+cCc’-c’+
yig‘indini hisoblang.
Yechish. (1+i)" ni N’yuton formulasidan foydalanib yoyib yozamiz:

1+i)"=1+Cli+Cl-i*+C i+ +Cc " i" 4"
( n n n n

Bizga ma’lum (*) tengliklardan foydalanib wushbu tenglikni quyidagicha
o‘zgartiramiz:
A+ =@-ci+ci-cl+ci-.)+ilci-ci+ci-cl+..).

Ikkinchi tomondan,
1+i=\/5 cos Z+isin r
4 4
ekanligini hisobga olsak, u holda
. n n
= T Vd
(1+i)"=22| cos — +isin —
4 4

tenglikka kelamiz. Demak,

= n
5:1—cj+c,j‘—c:+c§—c;°+...=22cosT”,

n
1 3 5 7 9 PUT
C,-C,+C,-C +C_  —..=2%sin "%,
tengliklarni hosil gilamiz. Xususan, n =14 deb olsak, u holda

12

14~
1_C1i +C1211 _Cli +C1i _Cllz? +Cy _Cllf =2"cos — =0,

4

1 3 5 7 9 11 B _ p7 . g _
Cy-Cu+C,-C,+C, -C, +C, =2 sin=5=128 .

Umuman olganda,
agar n=4m bo‘lsa, u holda 6 = (— 1)m 2°2m,
W [NamDPI
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agar n =4m+1 bo'lsa, u holda 6 = (— 1)m 2°2m,

agar n =4m+3 bo‘lsa, u holda 6 = (— 1)m+1 22m+t
agar n = 4m+2 bolsa, u holda 6 = 0.

5.1 6X ni tgx orqali ifodalang.
Yechish. Ma’'lumki,

sin 6x

tg6x = .
Cos 6 X

shu sababli avvalo Sin 6 X va cos 6x larni sin x va cos x lar orqaliifodasini topamiz:
. 5 - 3 -3 -5
sin 6x =6c0s ™ xsin X — 20 cos ~ xsin ™ X + 6c0s xsin = X,
6 4 . 2 2 . 4 . 6
Ccos 6X =c0s X —15c0s " xsin “ x+15c0s ” xsin "~ x—sin ~ X.
Bulardan,

5 - 3 .3 . 5
6cos” xsin X —20cos ™ xsinh ™ X + 6.¢0S XSIn ~ X

cos ® x —15cos ¥ xsin 2 x +15cos > xsin * x —sin ° x

tg6x =

_ Bigx — 2019 °X + 6ig °X
1-15tg°x +15tg “x —tg °x

Ushbu oxirgi tenglikni hosil qilish uchun yuqoridagi kasrning surati va

maxrajini €0S ° X ga boldik.
6. Quyidagi tenglikni isbotlang.

m(m — 3)

m m m-— m-—
2cos mx = (2cos x)" — —(2cos x)" % + (2cos x)" -+
1

(m-p-D(m-p-2)..(m-2p+1)
p!

+(-1)° " (2cos X)" P +... (4)

Yechish.
_(m-p)(m-p-Him-p-2)..(m-2p+1)
p!
N (m-p-D(Mm-p—-2)..(mMm=-2p+1) _ mm-p-1(m-p-2)..(m-2p+1)
(p-1! p!

p p-1
C +Cm—p—1

m-p
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bo‘ladi.
2cosmx =S, 2C0s Xx=a
belgilash kiritamiz, u holda

m-4

S, =a"-ma"?+(C2,+C: a" "t -

m-2
—(-DP(Cp  +Cr a4
tenglikni hosil gilamiz. Ko‘rsatish qiyin emaski
2cos mx = 2cos x-2cos(m—-1)x —2cos(m—2)x,
yoki yuqoridagi belgilashimizga ko‘ra
S,=aS_, ,—-S
Ko‘rish qiyin emaski,
m =1 da isbotlanishi lozim bo‘lgan tenglik o‘rinli:
2C0S X = 2C0S X .

m = 2 bo‘lsin, u holda
2 2 0 2
2c0s 2x =(2cos x)" ——(2cos X) =4cos” x—2
1

Bu esa bizga elementar matematikadan ma’lum bo‘lgan ayniyatdir:

1+coS 2x =2cos?’x.

Faraz qilaylik,

Spa=a""—(m-1)a" +(Ch +Cp A"t - -
- (—1)p(C,.E_p_1+C,E:1p_2)am_2p_l+...,
S, ,=a"—(m-2)a"*+(CZ ,+C, a" " —.. -
S G L (AN L) FL LI
U holda
S, =aS, ,-S, ,=a"-ma" 4.+
+(-D°(Ch i + Cnf:1p_2 + Cn‘::lp_l + Cnf:i_z)am_zp +..

Ushbu tenglikda ma’lum,
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.,

formulani qo‘llab, isbotlanishi lozim bo‘lgan (4) tenglikka kelamiz.

7. Quyidagi tenglikni isbotlang.

T 3z S5x 1 97 1
COS—+COS —+COS—+C0S —+C0S — = —,
11 11 11 11 11 2
Isboti.
Vs 3 5x 1z 97
S =c0S — + c0oS — + C0OS — + C0S —— + COS —,
11 11 11 11 11

4 . 3r . 5rx o Ir . 97
T =sIn —+SIN — + SN — +SIh — + Sin —,
11 11 11 11 11

deb belgilash kiritib, V = S + Ti ifodani qaraylik.

T T
a = c0s — +isin — deb olsak, u holda
11 11

11
. 3 5 7 9 a -«
V=S+Ti=a+a +a +a +a« ==
a -1

oz(a10 -1) a® -1 as(as—a_s)
p— 1 .

a(a—a_l)_a—a a-a
Ushbu ifodada

5 St .. 5« 5 Sz .. 5rx

a =C0S—+ISIh —, o =C0S ——1ISIn —

11 11 11

tenglilardan foydalansak, u holda

o . . o7m .. om
(cos —+isin —)-2isin —

a’ (x "« _5)
V=S+Ti= . 11 11 _
a-a 2isin
11
St . 5Srx Y4 . 107z Y4
cos —sin — sin“"— sin——  sin " —
11, 1 _ 1 11
. T . T . T . T
sin — sin — 2sin — sin —
11 11 11 11
Shunday qilib,
W |[NamDPI 220
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. brx 5 . 10x . /4
sin —cos — sin ——  sin( 7 — —)
S = = = 11 — l
. . T . 2°
sin — 2sin — 2sin —
11 11 11

Yuqoridagi isbotlanishi lozim bo‘lgan tenglik isbotlandi.
8. Quyidagi ayniyatni isbotlang:

1 nrz
Cl+C +C%+... =—(2” + 2c0S —j
3 3
Yechish. Ushbu ayniyatni qaraylik:
@+x)' =Cl+Cx+Cx*+Cx*+..+C X"+ C ",
Bu ayniyatga X =1, &, 82, bunda &° + ¢ +1= 0, gqiymatlarni navbat bilan
qo‘yamiz:
2"=Cl+C +C +C’+..,
1+ 8)“ = C: + Cig + angz + Cr?g3 + ..
(1+ 32)n = C: + Cig2 + C:g4 + C:56 + .
Lekin, agar k soni 3 ga bolinmasa, u holda 1+ ¢ + &> = 0 va agar k soni 3
gabolinsa, 1+ &* + &> = 3.
Demalk,
2"+ (L+e) +[+e?) =3{cl+Cci+cl+. ).
Ma’lumki, € uchun

27 . . 2«
& =C0S — +isin —
3 3

giymatni qabul qilishi mumkin, u holda

2 Ar . Arx T .. T
l+e=-¢&" =-Cc0OS—— —1ISIn— = CcOS— + ISIN —,
3 3 3 3
) 2r . . 27 T .. 7
l+¢"=-¢=-Cc0OS— —1SIn— =COS— — ISIN —.
3 3 3 3
Bundan esa
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Demak,

9. Quyidagi tenglikni isbotlang.

2m °

m-1
2°"cos®"p = 3 2C; cos2(m -« )p + C;
k=0

(cos @ +isin @)—(cos ¢ —isin )
» :

Isboti. Ma’lumki, cos ¢ =

COS@ + iSing = z bolsin. Unda cosg — ising = z %,

’m Z+12 12m " am
cos"p=|—| =——>C, 7 1 =
2 2 k=0

m-1 2m
2°"cos’"p = crz?mych 4 3 cr z2m ),
=0 K=m+1
Ikkinchi yigiindida m —k = —(m - k*) almashtirish qilamiz, u holda:
0

) ) m-1
Z C 2m-x Z—Z(m—K’) _ Z C;mZ—Z(m—K) )

2m
K'=m-1" xk=0"

Natijada ushbu tenglikni hosil qilamiz:

2m 2m °
k=0
Biroq 22m=x) | gm2mme) ZCOSZ(m — k), u holda
m-1
2°"cos*" @ =Y 2C; cos 2(m —x)p +C,. .
k=0

10. Yig‘indini toping.
S =sin 2 x +sin 23X + sin °5X + ... + sin 2(2n -1)x.

Yechish. Elementar matematika kursidan ma’lum bo‘lgan
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.9 1-cos 2a
sin "« =
2

formuladan foydalanamiz. U holda

1-cos 2x 1-cos 6x 1-cos 10x 1-cos[ 4n — 2]x
= + + oo+ =

S
2 2 2 2

n 1

E_E[COS 2X +€0S 6X + c0s 10 X + ... + cos( 4n — 2)x]
Endi

S =C0S 2X + €0S 6X + cos 10 X + ... + cos( 4n — 2)X,

t=sin 2x + cos 6x + cos 10 X + ... + cos( 4n — 2)x
yigindilarni hisoblaylik.
o =C0S 2X + isin 2X

deb belgilash kiritaylik, u holda

2n+1 n n -n
. 3 2n-1 & -a a(a —-a )
S+it=a+a +...+« = = I =

2 —
a -1 a—ao

(cos 2nx +1isin 2nx)-2isin 2nx  cos 2nx sin 2nx _sin 2 2nx
= = +| .

2isin 2x sin 2x sin 2x
Demalk,

n 1 cos2nxsin 2nx n  sin 4nx

S:——— = — —

2 2 sin 2x 2 4sin 2x

2. Kompleks sonlar yordamida yig‘indilarni hisoblash.

1. Quyidagi yig‘indini hisoblang.

S=1+acos X+a2cos 2X +a°cos 3x +... + a cos kx .
Yechish.

T —asin x+a’sin 2x+a’sin 3x +... + a*sin kx
deb belgilash kiritaylik. U holda

S+Ti=1+a(cos x+isin x)+a2(cos 2X+1isin 2x) +

+ a3(cos 3xX+isin 3x) + ...+ ak(cos kx + isin kx)

bo‘ladi. & = cos x + isin x deb olsak, u holda
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’.

- 2 2 3 3 k k
S+Ti=1l+aac+a a"+a a +..+a «a
aac -1

S hosil gilingan yig‘indining hagiqiy gismiga teng, shu sababli

k+1 k+1 -1 k+2 k k+1 k+1 -1
aa"" -1 aa -1 aa -—-a a " +aa +1

S+Ti= > =)
a"—a(a+a )+1

aa -1 aat-1

Bu yerdan
k+2 k+1
a “coskx—a “cos(k+1)x—acos x+1

S = >
a” —2acos x+1

2. Quyidagi tenglikni isbotlang.

. . NX
sin xsin —
sin X +sin 2X + Sin 3X + ... + sin NX = 2 < 2
sin —
2
Yechish.
T =sin x+sin 2X +sin 3X+ ... +sin nx |
S =c0s X+ C0S 2X+ C0S 3X + ... + COS NX ,
X .. X
a =C0S —+1Sin —
2 2°
bo‘lsin. U holda
a’" -1
S +Ti :a2+a4+a6+...+a2":a22—:
a” -1
_n
,a (@ —a™") n+1 .. n+1 sin 2X
= — = (cos X + isin X) :
ala—a ) 2 2 . X
sin —
2
Bu yerdan quyidagi tengliklarni hosil qilamiz:
. n+1  nx
sin xsin —
T =sin X+sin 2X +sin 3X + ... +sin NX = 2 2 :
. X
sin —
2
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n+1 . nx

cos Xsin —

S =C0S X+ C0S 2X + COS 3X + ...+ COS NX = 2.
oX
sin —
2

3. Quyidagi limitni hisoblang.

1 1 1
lim (1+—cos X + —c0s 2X + ... + —COS NX)
n— oo 2 4 2"

1

Yechish. 1-misolda a = deb olib, undan foydalanamiz.

n— o 4 2

NN |
EEE

1
——cos X+1
2

2
1 1
lim 1+—cos X+ —C0S 2X + .. .+ —-C0S NX | =

n+1
1
COS NX — (J cos(n+1)x — —cos X+1
2

_ 2(2+ cos x)

1 5—4.cos X
——cCco0s X+1

4
4. Quyidagi yig‘indilarni hisoblang.

S=cosa-cos(a+h)+cos(a+2h)—..+ (—1)n_1cos( a+(n-1)h),
T=sina-sin(a+h)+sin(a+2h)—..+ (—1)"_1sin( a+ (n-1)h).

Yechish. Quyidagi belgilashlar kiritaylik.

o =C0Ss a+isin a, g =cosh +isinh .

U holda
a-p=cos(a+h)+isin(a+h),
a - B% =cos(a+2h)+isin( a+ 2h),
a-B "t =cos(a+(n—1)h+isin( a+ (n-1)h).
Ushbu tengliklardan
W |[NamDPI
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V=S+iT=a-af+aB’—.+(-1)""ap"",
uni hisoblaylik. Bu hisoblashda geometrik prosressiyaning hadlari yig‘indisi

formulasidan foydalanamiz.

FC A S G AR
—p-1 g+l

V=a@l-g+p°-p+.(9)"" 8" =«

n — juft son bo‘lsin. U holda

n n n

—pT1 (=B BN BB -B DA-p)
—_— - = - =

V =« - . =
pd A1 BB-A")
o v . T non _n
_, B =B ) _(@p? —aB BB 7)
p-p" p-p"

Endi ¢ va g larni yuqorida belgilaganimizga asosan V ni ifodasiga qo‘yaylik:

{”_cos(a+(n—1]h\+isin(a+(n—1]hw—rcos[a+nhj+isin[a+nhy]}-sinnh
W S R M S T | N 2 )]
sin h
Bu yerdan
l—cos(a+(n—1th—cos(a+nhjwsin Eh
e )Y WINE
S = =
sin h
. ) n-1 N
— 2sin [a+h]sm( Jsm —h sin [a+2h]sm Eh
- h - h '
2sin —cos— cos —
2
—l—sin (a+(n—1]h)—sin (a+nh]13in Eh
e Y 2 )™
T = =
sin h
( n-1 ] h . n ( n-1 J n
2cos|a+——h|sin —-sin —h cos| a + h [sih —h
2 2 2 2 2
B ~h h B h
2sin —cos — cos —
2 2
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n — toq son bo‘lsin. U holda

>
>
=}

BTl (B NN BB B A1)
| . . _

V=a - 2 71
-p-1 -1 BB-B
. nyoo on n n, n on
L, B =BT B 4B ) _(aB?-aB? NP+ )
p-p" p-p"

a va f larniV ning ifodasiga qo‘yaylik:

|_cos{a+nh}+isin[a+nh]-|—|_cos(a+n_zhj+isin(a+n_zh]-l -cosﬁh
L 2 2 J L 2 2 J 2

V =
isin h
Bu yerdan
-2
rsin a+£h —sin a+n h —|cos Eh
L 2 2 J 2
S= =
sin h
n-1 . h n n-1 n
2cos| a+ hsin —cos —h  cos(a+ ——h)cos —h
2 2 2 2 2
B _h h - h
2sin —cos — cos —
2 2 2
n n-2
—rcos a+—hj|—-cos|a+ h —|cosﬂh
L 2 2 J 2
T: =
sin h
) n-1 . h n . n-1 n
2sin| a+ hisin —-cos —h sin|a+ h {cos —h
2 2 2 2 2
= —h " =
2sin —cos — cos —
2 2 2
Shundy qilib,
. n-1 N
sin (a+ h}sm —h
2 2 ) .
S = o , n —juft bo‘lsa,
cos —
2
W |[NamDPI 997
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S = 2 . 2 , n —toq bo‘lsa,
cos —
n-1 .n
cos( a + h)sin —h
T= ’ ™ 2 , n —juft bo‘lsa,
cos —
2
. n-1 n
sin|a+——h |[cos —h
2 2 ¢
T = ™ , n —toq bo‘lsa.
cos —
2

5. Agar x absolyut giymati jihatidan birdan kichik bo‘lsa, u holda
a) S :cosa+xcos(a+b)+xzcos(a+2b)+...+x”cos(a+nb)+...
b) T =sin a+ xsin( a+b)+x°sin(a+2b)+...+ x"sin(a+nb) +...

gatorlar yaqinlashuvchi ekanligini va ularning yig‘indisi mos ravishda

cos a — xcos( a —Db) sin a — xsin( a —b)

1-2xcos b+ x? 1-2xcos b+ x?

teng ekanligini isbotlang.

Isboti.
S, =cos a+ xcos(a+bh)+ x° cos(a+2b)+...+ x" cos( a + kb),
T, =sin a+ xsin( a+b)+ xzsin( a+2b)+..+ xksin( a+kb),
deb belgilash kiritaylik. U holda
S, +IT, =(cos a+isin a)+ x[cos( a+Db)+isin(a+Db)]+
+ x2[cos( a+2b)+isin(a+2b)]+..+ xk[cos( a+kb)+isin( a+ kb)]
bo‘ladi.

a =cosa+isina, pf=cosb+isinb

deb olsak, u holda

W [NamDPI
Ta'limjva taraqqiyot
limiy-uslubly jurnali

228




13.00.00. - PEDAGOGIKA FANLARI
JOURNAL,NAMSPI.UZ
ISSN: 2992-9008; UDK: 37

NAMANGAN DAVLAT PEDAGOGIKA INSTITUTI
"TA'LIM VA TARAQQIYOT" ILMIY-USLUBIY
JURNALI 2026-YIL 2-SON

S +iT, =al+xp + x2ﬂ2 + x3ﬂ3+...+ xkﬂk):

Ol(Xk+1,3k+1—1) XIB—l_l ~ a(xk+2ﬂk _ Xk+1ﬂk+1 n X,B_l-i-l)

xf-1  xp -1 X* = x(B+p ) +1
Demalk,
. - x“*?cos(a+ kb) — x“"*cos[ a + (k +1)b] - xcos( a — b) + cos a
k x> —2xcos b +1 |
- x*Zsin(a+ kb) — x***sin[ a + (k + 1)b] - xsin( a — b) +sin a
- .

x> —2xcos b +1
Ushbu yig‘indilarda k — oo da limitga o‘tsak, u holda ‘X‘ <1 bo‘lgani uchun

. k
lim ‘x‘ =0

k — o0

bo‘ladi. Shunday qilib,

cos a— xcos( a—Dhb)

S=1Im S, = "o
k—> o0 1-2xcos b+ x
) sin a— xsin( a—b)
T=IlmT, = o
k—o0 1-2xcos b+ x

6. Quyidagi tengliklarni isbotlang.
cos( n +1)xsin nx
+ ;
2sin x

n
2

n cos( n+1)xsin nx
) .

2 2 2 2
COS " X+C0S “2X+C€0S 3X+...+C€C0S nx =

2 -2 -2 .2
sin “ X+sin " 2X+sin "3X+..+8In “nx =

2sin X
1+ cos 2a 1-cos 2a
Isboti. 1-banddagi 10-misolga o‘xshash cos ‘a=—"Zvasin‘ga="—"—""1
2 2
formulalardan foydalanamiz. U holda
2 2 2 1+cos 2x 1+ cos 4x 1+ cos 2nx
COS " X+ CO0S "~ 2X+...+C0S " NX = + +it——=
2 2 2
n 1
= —+ —[cos 2X + COS 4X + ... + COS 21X ;
2 2
.2 .2 .9 1-cos 2x 1-—-cos 4x 1- cos 2nx
sin “x+sin “2Xx+...+sin “nx = + ot ———— =
2 2 2
n 1
= —— —[cos 2X + COS 4X + ... + COS 21X |
2 2
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S=2C0S 2X+C0S4X+..+C0S2nXx, t=sin 2x+5SiNn 4x+ ... +sin 2nx

yig‘indilarni hisoblaylik.

S+it=(cos 2x +isin 2x)+ (cos 4x +isin 4X) + ...+ (Cos 2nx + isin 2nx)=a2+a4+
o oa" P —a? a"Ma"—a ") [cos( n+1)x +isin( n+1)x]-2isin nx
a’ -1 a—-at

2isin x
cos( n +1)xsin nx  sin( n +1)xsin nx
= + i .

sin X sin X

Ushbu tenglikdan esa isbotlanishi lozim bo‘lgan tenglik kelib chigadi:

n 1

2 2 2

COS “ X + C0S “ 2X + ... + COS “NX = — + —[COS 2X + COS 4X + ... + COS 2NX | =
2 2

n cos(n+1)xsin nx

2 2sin X
-2 .2 .2 n 1
Sin “ X +8in“2X+...+sin “nx = —— —[cos 2X + COS 4X + ... + COS 2nX | =
2 2

n cos( n+1)xsin nx

2 2sin X

7. Yig‘indilarni toping.

3 3 3 - 3 - 3 . 3
S=C0S"X+COS 2X+...+C0S nX, T =8N " X+SIN"2X+....+SIn "~ nX.

Yechish. Yuqorida isbotlangan

3 3cos o — cos 3a 3 3sin a —sin 3a
Cos " a = , Sin"a=
4 4

tengliklardan foydalanamiz. U holda

1
S = —[3(cos x + cos 2x + ... + oS nx) + (CoS 3X + COS 6X + ... + €os 3nx)];
4

1
T = Z[B(sin X + SN 2X + ...+ sin nx) — (sin 3x +sin 6x + ... + sin 3nx)]

Quyidagicha belgilashlar kiritaylik:

X .. X 3x .. 3X
a =C0S —+1isin —, f =c0s — +isin —.
2 2 2 2
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U holda
S, +iT, = (cos x +sin x) + (cos 2x +isin 2x) +...+ (cos nx +isin nx)=a’ +a* +
2n+2 2 n+1 n -n
on -« a (a —a )
+..t+a” = = =
2 -1
a” -1 a—a
n+1 .. n+1 ... n n+1l . n . h+1 _ n
(cos X + 1sin X)-2isin —x  cO0S Xsin —x  sin Xsin — X
— 2 2 _ 2 2 : 2 2
= = + 1 ,
..o X . X . X
2isin — sin — sin —
2 2

2
S, +1iT, = (cos 3x + sin 3x) + (cos 6X + isin 6X) + ... + (cos 3nx + isin 3nx) =

ﬂ2n+2 _ﬂz B ﬂn+l(ﬂn _ﬂ—n) _

=B+t + B = > = -
B -1 p-p

3(n+1 3(n+1 3n
cos S L isin (2+)x)-2isin o

- .. 3X
21sIn —
2
3(n+1) . 3n . 3(n+1) . 3n
COS ————XSIn — X SiIn ———XSIn — X
_ 2 2 4 2 2
_ 3x _ 3x ’
sin — sin —
2 2
Demalk,
n+1 _ n 3(n+1) . 3n
3cos Xsih —X €0S ——XSIn —X
S = 2 2 + 2 2 ;
. X . 3X
4sin — 4sin —
2
. n+1 n . 3(n+1) . 3n
3sin Xsin —X sin ———=Xxsin — X
T = 2 2 2 2
. X . X
4sin — 4sin —
2 2

8. Quyidagi tenglikni isbotlang:

21 (m=-1)x \/E

. ]
sin—-sin—-... - sin = —
2m 2m 2m 2
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Yechish. Dastlab ishni X" — 1 ni ko‘paytuvchilarga ajratishdan boshlaymiz.

n =2m bolsa, uholda X" —1 = 0 tenglama ikkita haqiqiy ildizga: 1, —1 va
2m — 2 kompleks ildizga ega bo‘ladi.

: . 2mc . . 27K . _
Ko‘rsatish mumkinki, ¢ = cos —— + isin —— kompleks sonning qo‘shmasi
2m 2m
22m-x)r .. 2(2m-«x)x
Egm_ o = cos¥+ isin 2@2m - x)r
2m 2m

bo‘ladi. Bundan quyidagi hosil bo‘ladi:

"_1= (x2 —1)(x — gl)(X - 8_1)(X - 52)(X - 5_2)()( - 8m—1)(x - ;)

"= (1) (X = (e, e X+ 1) (X = (e, e, X +1)

m-1
X" —1=(x*-1)[7 (xz - 2XCOSK—7[+1J.
x=1 m

Agar n=2m +1 bolsa, u holda yuqoridagi kabi quyidagi tenglikni hosil
qilamiz:

2
x2M 1= (x - 1)1‘[ x? — 2xc0s —2 111,
2m +1

k=1

Hosil bolgan tenglikni ushbu ko‘rinishda yozamiz:

2m m-1
X =1 2 KT
2—:1_[()( —2xcos—+1}.

X -1 o1 m

Bu ifodada X =1 desak, quyidagi tenglikni hosil qilamiz:

n_ m-1 KT n
m =2 11‘[(1—005—) yoki m = 22 l)Hsmzlm,
k=1 m 2m

va nihoyat,

9. Quyidagi tenglamani yeching
1 n
cosp +C cos(p +a )x+..+cos(@p+na)x" =0

Yechish. Quyidagi yig‘indilarni olaylik:
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S =cosg +C.cos(p +a)x+..+cos(p +na)x",
T =sing + C_sin(p + a )x + ... + sin(p + na )x".
Unda
S+Ti=pu+ix) vasS—Ti=ull+ix),
buyerda A =COSa +iSina, u =COS@ +ising.
Bu tengliklarni hadlab qo‘shib, quyidagini hosil qilamiz:
2S = u(@+ Ax)" + u(@+ Ax)".
Natijada berilgan tenglama quyidagi ko‘rinishga keladi:
u@+ Ax)" + 4@+ Ax)" = 0.

Ushbu tenglamani yechib, noma’lumni topamiz:

k+1D7z -2
sin( )z 14
X, = — K+ D) 22 > : k=0212,..n-1.
+ - -2na
sin d 14
2n

10. Ushbu sin"nx va cos"nx (n — natural son) darajalarni x ga karrali burchaklar
kosinus va sinuslarining birinchi darajali ko‘phadi ko‘rinishda ifodalash
mumKkinligini isbotlang.
Yechish.

Z = CcOSX + isinx deb olaylik, unda zZ = cosx — isinx bo‘ladi. Natijada esa

quyidagi formulalarni hosil qilamiz:

Z1+7 . 71-7 . 1 1
, sinx =

COSX =

Keyin bir xil binomial koeffisientli hadlarni guruhlab, "7 =1 umumiy
ko‘paytuvchini qavsdan tashqariga chiqarib va Muavr formulasidan foydalansak,
mos ravishda quyidagi tengliklarni hosil gilamiz:

agar n = 2L+ 1 bo‘lsa, u holda
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sin"x = (- 1)T(£J

2

n-1

A
3 (-1) Cfsin(n - 2k)x,
k=0

agar n = 2\ bo‘lsa, u holda

15 1]

'“——gln_r ~1) Creos(n - 2k)x + (-1)" =
sin"x=(-1) [2) Lkzm( 1) C cos(n —2k)x + (- 1) 2CnJ’

-1

A
3 Clcos(n - 2k)x,

k=0

o (1Y
agar N = 2L+ 1 bolsa, u holda cos x = [—j
2

1raa

1Y)’ 1
agar n = 2\ bo'lsa, u holda COSnX=(E] {ZC:COS(n—Zk)X+EC;}.

k=0
XULOSA

O‘ylaymizki, ba’zi hisoblash murakkab bo‘lgan yig‘indi va ko‘paytmalarning
giymatlarini kompleks analiz metodlaridan foydalangan holda hisoblash va oson
hisoblashga qulaylik tug‘diradigan yollarini topish masalasining o‘rganilishi
kompleks sonlar nazariyasining zamonaviy kontseptsiyalarini osonroq tushunishga
yordam Dberadi va shuningdek, kompleks analizning tatbiglari bobining
rivojlanishiga asos bo‘ladi hamda haqiqiy analizning ba’zi masalalarini hal qilish
usullarini yanada ko‘paytiradi.

Ushbu maqolada kompleks sonlar ustida amallar bajarish orqgali hosil
bo‘ladigan sonlarni haqiqiy qismini haqiqly gismiga mavhum qismini mavhum
gismiga tenglashtirib muhim natijalar erishildi.
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