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Abstract: This article analyzes the essence of integro-differential equations, their role
in mathematical modeling, and their significance for describing physical, technical, and
biological processes. Integro-differential equations represent a class of complex equations that
combine differential and integral operations. The article discusses their main types, solution
methods, and the advantages of analytical and numerical approaches. The influence of the
integral kernel and boundary conditions on the equation's solution is also theoretically
substantiated.

Keywords: integrodifferential equation, integral kernel, analytical solution,
numerical solution, boundary condition, integral operator, mathematical modeling.

OCHOBHBIE ITOHATUI UHTETPO-TUO®OEPEHIIUAJILHBIX
VYPABHEHUN

Annomauusa: B Oannoli cmamve ananu3upyemcs — CyuyHOCmb  uHmMe2po-
ougpeperuaibHbLX YPABHEHUL, UX POJIb 8 MAMEMAMUUECKOM MOOCIUPOBAHULU, O MAKICEe
3HQueHue 018 ONUCAHUSL PUSUUECKUX, MeXHUYeCKUX U buosocuueckux npoueccos. Humezpo-
oughgpeperyuaivrvie YPABHEHUs NPeocmasiiiom cobol KJAACC CILONCHbIX YPABHEHUL,
Komopuvie 06veduHAslom OuggepeHuuAIbHble U UHMe2paJsibHbie onepauuu. B cmamve
DPACCMOMPEHbL UX OCHOBHbLE MUNbL, MEmoobl PeuleHUs, NPeuMyuLecmea aHAJIUMUYECKUX U
YUCIeHHbIX n00x0008. Teopemuuecku 060CHO8AHO 6BAUAHUE UHMESPATILHO20 A0pPA U
2DAHUUHDBLX YCI08UTL HA PelleHue YPABHeHUS.

Knirouesvte cniosa: unmezpo-oughgheperyuaibroe ypagHerue, uHmezpaibHoe 0po,
anaIUMUYecKoe peuteHue, YiucieHHoe peuerue, 2paruULHoe Yeaosue, urnmeapa

INTEGRO-DIFFERENSIAL TENGLAMALAR HAQIDA ASOSIY
TUSHUNCHALAR

Annotatsiya: Ushbu maqolada integrodifferensial tenglamalarning mohiyati,
ularning matematik modellashtirishdagi o‘rni hamda fizik, texnik va biologik jarayonlarni
tavsiflashdagi ahamiyati tahlil qilinadi. Integrodifferensial tenglamalar differensial va
integral amallarni ozida birlashtirgan murakkab tenglamalar sinfidir. Magolada ularning
asosty turlari, yechim usullari va analitik hamda sonli yondashuvlarning afzalliklari korib
chiqiladi. Shuningdek, integral yadrosi va chegaraviy shartlarning tenglama yechimiga
ta’siri ham nazariy jihatdan asoslab beriladi.

Kalit so‘zlar: integrodifferensial tenglama, integral yadrosi, analitik yechim, sonli
yechim, chegaraviy shart, integral operator, matematik modellashtirish.
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INTRODUCTION

In the 21st century, mathematical modeling has become a fundamental tool
for the in-depth analysis of natural, technical, and economic processes. Many
processes—heat transfer, elasticity, wave propagation, the dynamics of biophysical
systems, and economic growth models—cannot be fully described by ordinary
differential equations. In such cases, integrodifferential equations, which combine
differential and integral operators, represent the historical process of action or
accumulation through an integral operator. In such equations, the current state
depends not only on the current argument but also on changes that occurred in the
past. Therefore, equations of this type are of great importance in modeling systems
with memory.

RESEARCH METHODOLOGY

The scope of their application is very wide:

physics (thermal conductivity, propagation of electromagnetic waves),

mechanics (weight distribution, deformations),

biology (delayed effects in population growth models),

economics (circulation of capital, inertial processes of supply and demand).

Thus, integrodifferential equations are an important theoretical tool in
applied areas of modern mathematics.

An equation in which the unknown function is represented by a differential

(derivative) and integral signs is called an integro-differential equation. The simplest

example of a linear integro-differential equation of this order is the following:n

Po(X)y™ (%) + p1 (X)y ™V (x) + - + P ()Y’ (x) +
+pn(x)y(x) + P[y] = f(x),x € (a,b)

has the form , where 1s an unknown function, and are continuous functions defined

on an interval, and is some linear integral or differential operator of fractional order
(ess than).a,b € R,a < b,y = y(x)f (x)p;(x)(j = 0,n)[a, b]pe(x) £ 0,x €
[a, b]; P[y]nArabP[y]If the Fredholm integral operator exists,

Po ()Y ™ () +p1 ()Y PV (X) + -+ + Pra ()Y (%) + pa(0)y(x) +

b
+ f K(x,t) y(t)dt = f(x)x € (a,b) 1.1

a
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We obtain an integro-differential equation of the form, where is a function considered
at four angles.K(x,t) —A={(x,t):a<x <b,a<t<b}
must be present in equation (1.1), otherwise (1.1) remains a differential equation. If
it is present in equation (1.1), then the Volterra integral operator is involved.K (x, t) #
0,(x,t) € AK(x,t) = 0,t € [x,b]

Po ()Y ™ (x) +p1 )y PV () + =+ + P ()Y’ (%) + P () y (x) +

b
+ f K(x,t)y(Ddt = f(x) , x € (ab) 12
a
we obtain an integro-differential equation of the form

An integro-differential equation of the form (1.2) can also be considered in an interval

- if it is an integral or differential operator of fractional order,[a, +0)P[y]

Po()y ™ () + p1 ()Y "V () + -+ Ppoa ()Y () + (13)
+Pn ()Y (x) + w(x)Daxw(x)y(x) = f(x),x € (a, b)

we have an integro-differential equation of the form, where and are given
functions,w(x)w(x)w(x) # 0,w(x) # 0,x € [a,b]; a € (0,n)- all
The original problem for the integro-differential equations (1.1), (1.2) and (1.3) is
formulated as follows: (1.1) [(1.2) or (1.3)] is continuous and|a, b]

y@ =ky  y'(@)=ky,y" (@) = kny
Find a solution that satisfies the initial conditions herek; =constant,j =
0,n — 1 —numbers are given. If equations (1.2) and (1.3) are considered in the interval
, then it 1s required to find their solution, satisfying the initial conditions specified
above, also in the interval .[a, +0)[a, +)

Noteln integro-differential equations (1.2) and (1.3)

| " K Hy(©)dt va DEW)Y()

Instead of operators, respectively

b
f K(x, t)y(t)dt va D& w(x)y(x)

Operator derivation is also possible. There are many methods for finding solutions to
initial value problems for integro-differential equations, and below we will introduce

one of them with examples.
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RESEARCH AND RESULTS

Issue 1.1.

1 1
y"'(x)+ 7sin xy'(x) + 7y(x) +
1

1
;f sin(x — t) y(t)dt = cosx, x € (0,1) 1.4
0

The equation is continuous in the interval and[0,1]
y(0) =1,y'(0) =2 (1.5)

Find a solution that satisfies the initial conditions.
YesGo away. In equation (1.4), we replace with and integrate the resulting
equality over the interval . Taking into account the initial conditions (3.21), we

obtainxzz|[0, x]

1 1(*
y'(x) + 7sin xy(x) + 7j (1 —=cos 2)y(z)dz +
0

1 1
+7f [cos z —cos (x — z)]y(z)dz = 2 + sin x
0

An equation has been derived. This equation can also be obtained by taking

into account the integral function and the condition on the interval, as indicated

above:[0,x]y(0) =1

1 X 1 X t
y(x) + 7_]. sin ty(t)dt + 71. dtf (1 —cos 2)y(z)dz +
0 0 0

1 1
+7f [xcos t —sin (x — t) — sin t]y(t)dt = 2(x + 1) — cos x
0

We obtain an equation. Here, by changing the order of integration in the

iterated integral, we obtain an equation that is equivalent in strength (in the sense

of having a solution) to the problem.{(3.20), (3.21)}
X

y(x) + ;f [sin t + (x —t)(1 — cos t)]y(t)dt +

0

1 1
+7f [xcos t —sin (x — t) —sin t]y(t)dt = 2(x + 1) — cos x
0

Let's make an equation. Here, if

x—t+tcost—sin(x—t), x>t

xcos t—sin(x—t)—sint, x<t (1.6)

K(x,t) ={
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If we introduce the notations, the last equation can be written as follows:

y(x) + ;f K(x,t)y(t)dt = 2(x+ 1) —cos x,x € (0,1) (1.7)
0

(1.6) y (x) is a Fredholm integral equation of the second kind with respect to the
unknown function . Considering that and the inequalities , the inequality follows
from (3.22). Obviously, the parameter of the integral equation (1.6) is less than the
number , i.e. . Considering this, as well as the continuity of the kernel at , the finite
jump at , and the continuity of the right-hand side of equation (1.6), a solution to the
integral equation (1.6) exists and is unique according to the Fredholm alternative.
Suppose that the function is a solution to equation (1.6), i.e.x,t € [0,1]|sin x| <
1,|cos x| < 1sup|K(x,t)| < 342 = (1/7)[sup|K(x, t)|]71(1/7) < (1/3)K(x, t)x # tx =
tyo(x)

Yo (x) + lf K(x, t)y,(t)dt = 2(x+ 1) — cos x
7 Jo

Let equality be appropriate. This is equality.

1 X
Yo(x) = —7_]; K(x,t)y,(t)dt —

1 1
—7f K(x,t)y,(t)dt + 2(x + 1) — cos x
X

can be written as. Taking into account (1.5), the last equality has the form

X

Yo(x) = —;J; [x —t + tcos t —sin (x — t)]yo(t)dt —

1 1
—71. [xcos t —sin t —sin (x — t)]yo(t)dt + 2(x + 1) — cos x
X

takes the form. Using this equality and taking into account that and , it can be shown
by direct calculation that . Taking this into account and the equivalence of the
integral equation (1.6) to the problem, it follows that the solution to the integral
equation (1.6) 1is also a solution to the problem.y,(x) € C[0,1]y,(x) €
C2[0,1]{(3.20), (3.21)}{(1.4), (1.5)}

Issue 1.2.y"(x) + xy'(x) + 23y (x) + [, (1 + t)y(D)dt = —,x € (0,1)
Find a solution to the equation that is continuous on the interval and satisfies the

initial conditions (3.21).[0,1]
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YesGo away. Here also, replacing with in this equation, and then integrating

twice over the interval,xzz[0, x]
X
1
y(x) + j |+ = DE =0+ 5+ 90— 02| yyae =
0

=(14+x)In(1+x)+x x € (0,1) 1.8
We arrive at the second type of Volterra integral equation in the form (1.24), which

1s the core of the resulting integral equation.
1
Kx,t)=t+ @3 —-1D(x—-1t)+ 5(1 +t?)(x — t)?

The function is continuous on a square and has second-order derivatives, and the
function on the right-hand side of the equation is continuous on the interval and has
continuous second-order derivatives. Consequently, Volterra-type integral equations
have a solution, equation (1.24), which is also a solution to problem 1.2.{(x,t): 0 < x <
1,0 <t <1}f(x) = (1 +x)In (1 +x) + x[0,1]y,(x) € C?[0,1]

Conclusion.

Integro-differential equations are a natural generalization of differential and
integral equations used to express the evolution of complex systems over time. These
equations take into account the system's previous state and historical influences,
allowing them to be used in many scientific fields. Analytical and numerical methods
are seamlessly combined to find their solutions. Research shows that approaches
using integral operators provide high accuracy and stability when modeling complex
systems.

References
[1]. Ba.ifixysmer K. OcHoBHBIE CMeIIaHHBIE 3a0aYM OJIA HEKOTOPBIX BBIPOMKIAIOIIMXCS
yPaBHEHUH ¢ YaCTHBIMU IPOU3BONHEIMH. - TamkenT: @an, 1984. -250 c.
[2]. Boiirysues K.B. [luddepeninan teariamanap. - Tomrkenr: ?KI/ITquI/I, 1983. -192 6.
[3]. Bumangse A.B. HexoTopsie Kiiacchl ypaBHEHNI B YACTHBIX ITpora3BoaHbIX. -M.: Hayka, 1981.
-448 c.
[4]. Beitrmen I'., Opneiin A. Briciime TpaHcleHOeHTHBIE (PYHKINK. |'MilepreoMerpuyecKast
dyurima. Oyurius Jlesxxamapa. -M.: Hayka, 1965. -296 c.
[5]. Beittmen I'., Opgeiin A. Breiciime tpancuenmentusie Qyurimu. Oyurmmsa Becces.
OyukIma napabosmdeckoro rmuHApa. Oproronanabane muorowieHsl. -M.: Hayka, 1966. -296
c.
[6]. Briko A.B. O HekoTOpHIX 3a7a4ax TeOpUU UHTErpo-auddepeHITnaIbHUX YPaBHeHUH. -
Opynuse, 1957. -328 c.

W |[NamDPI
Ta'limjva taraqqiyot
limiy-uslubly jurnali

689




..............................................................
..................................................................................................................................................................................................................

NAMANGAN DAVLAT PEDAGOGIKA INSTITUTI
"TA'LIM VA TARAQQIYOT" ILMIY-USLUBIY
JURNALI 2025-YIL 3-SON

13.00.00, - PEDAGOGIKA FANLARI
JOURNAL.NAMSPL.UZ
ISSN: 2992-9008; UDK: 37

[7]. CvmupuoB M.M. ¥YpaBHeHus cmemansoro tuma. -M.: Beicimaga mkosta, 1995. -301 c.

[8]. ®umunmos A.@. Coopuuk 3amad mo nquddepeHrnaabHeM ypasaeuusam. -M.: Hayka, 1970.
-96 c.

[9]. Nafasov, G. (2019). Model of Developing Cognitive Competence at Learning Process
Elementary Mathematics. Eastern European Scientific Journal, (1).

W |[NamDPI
Ta'li taraqqiyot
limiy-uslubly jurnali

690




