
 

 

_______________________________________________________________________ 684 

BASIC CONCEPTS OF INTEGRAL-DIFFERENTIAL EQUATIONS 

 

Abdukarimov Anvar Abdurahim o‘g‘li 

Specialized school named after Muhammad al-Khwarizmi, Guliston branch 

Email: anvarmagistr8@gmail.com  

 

Abstract: This article analyzes the essence of integro-differential equations, their role 

in mathematical modeling, and their significance for describing physical, technical, and 

biological processes. Integro-differential equations represent a class of complex equations that 

combine differential and integral operations. The article discusses their main types, solution 

methods, and the advantages of analytical and numerical approaches. The influence of the 

integral kernel and boundary conditions on the equation's solution is also theoretically 

substantiated. 
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ОСНОВНЫЕ ПОНЯТИЯ ИНТЕГРО-ДИФФЕРЕНЦИАЛЬНЫХ 

УРАВНЕНИЙ 

 

Аннотация: В данной статье анализируется сущность интегро-

дифференциальных уравнений, их роль в математическом моделировании, а также 

значение для описания физических, технических и биологических процессов. Интегро-

дифференциальные уравнения представляют собой класс сложных уравнений, 

которые объединяют дифференциальные и интегральные операции. В статье 

рассмотрены их основные типы, методы решения, преимущества аналитических и 

численных подходов. Теоретически обосновано влияние интегрального ядра и 

граничных условий на решение уравнения. 

Ключевые слова: интегро-дифференциальное уравнение, интегральное ядро, 

аналитическое решение, численное решение, граничное условие, интегра 

 

INTEGRO-DIFFERENSIAL TENGLAMALAR HAQIDA ASOSIY 

TUSHUNCHALAR 

 

Annotatsiya: Ushbu maqolada integrodifferensial tenglamalarning mohiyati, 

ularning matematik modellashtirishdagi o‘rni hamda fizik, texnik va biologik jarayonlarni 

tavsiflashdagi ahamiyati tahlil qilinadi. Integrodifferensial tenglamalar differensial va 

integral amallarni o‘zida birlashtirgan murakkab tenglamalar sinfidir. Maqolada ularning 

asosiy turlari, yechim usullari va analitik hamda sonli yondashuvlarning afzalliklari ko‘rib 

chiqiladi. Shuningdek, integral yadrosi va chegaraviy shartlarning tenglama yechimiga 

ta’siri ham nazariy jihatdan asoslab beriladi. 

Kalit so‘zlar: integrodifferensial tenglama, integral yadrosi, analitik yechim, sonli 

yechim, chegaraviy shart, integral operator, matematik modellashtirish. 
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INTRODUCTION 

In the 21st century, mathematical modeling has become a fundamental tool 

for the in-depth analysis of natural, technical, and economic processes. Many 

processes—heat transfer, elasticity, wave propagation, the dynamics of biophysical 

systems, and economic growth models—cannot be fully described by ordinary 

differential equations. In such cases, integrodifferential equations, which combine 

differential and integral operators, represent the historical process of action or 

accumulation through an integral operator. In such equations, the current state 

depends not only on the current argument but also on changes that occurred in the 

past. Therefore, equations of this type are of great importance in modeling systems 

with memory. 

RESEARCH METHODOLOGY 

The scope of their application is very wide: 

physics (thermal conductivity, propagation of electromagnetic waves), 

mechanics (weight distribution, deformations), 

biology (delayed effects in population growth models), 

economics (circulation of capital, inertial processes of supply and demand). 

Thus, integrodifferential equations are an important theoretical tool in 

applied areas of modern mathematics. 

An equation in which the unknown function is represented by a differential 

(derivative) and integral signs is called an integro-differential equation. The simplest 

example of a linear integro-differential equation of this order is the following:𝑛 

𝑝0(𝑥)𝑦(𝑛)(𝑥) + 𝑝1(𝑥)𝑦(𝑛−1)(𝑥) + ⋯ + 𝑝𝑛−1(𝑥)𝑦′(𝑥) +
+𝑝𝑛(𝑥)𝑦(𝑥) + 𝑃[𝑦] = 𝑓(𝑥), 𝑥 ∈ (𝑎, 𝑏)

 

has the form , where is an unknown function, and are continuous functions defined 

on an interval, and is some linear integral or differential operator of fractional order 

(less than).𝑎, 𝑏 ∈ 𝑅, 𝑎 < 𝑏, 𝑦 = 𝑦(𝑥)𝑓(𝑥)𝑝𝑗(𝑥)(𝑗 = 0, 𝑛)[𝑎, 𝑏]𝑝0(𝑥) ≢ 0, 𝑥 ∈

[𝑎, 𝑏]; 𝑃[𝑦]𝑛Arab𝑃[𝑦]If the Fredholm integral operator exists, 

𝑝0(𝑥)𝑦(𝑛)(𝑥)+𝑝1(𝑥)𝑦(𝑛−1)(𝑥) + ⋯ + 𝑝𝑛−1(𝑥)𝑦′(𝑥) + 𝑝𝑛(𝑥)𝑦(𝑥) + 

+ ∫ 𝐾(𝑥, 𝑡)

𝑏

𝑎

𝑦(𝑡)𝑑𝑡 = 𝑓(𝑥)𝑥 ∈ (𝑎, 𝑏)                1.1  



 

 

_______________________________________________________________________ 686 

We obtain an integro-differential equation of the form, where is a function considered 

at four angles.𝐾(𝑥, 𝑡) − Δ = {(𝑥, 𝑡): 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑎 ≤ 𝑡 ≤ 𝑏} 

must be present in equation (1.1), otherwise (1.1) remains a differential equation. If 

it is present in equation (1.1), then the Volterra integral operator is involved.𝐾(𝑥, 𝑡) ≢

0, (𝑥, 𝑡) ∈ Δ‾ 𝐾(𝑥, 𝑡) ≡ 0, 𝑡 ∈ [𝑥, 𝑏] 

𝑝0(𝑥)𝑦(𝑛)(𝑥) +𝑝1(𝑥)𝑦(𝑛−1)(𝑥) + ⋯ + 𝑝𝑛−1(𝑥)𝑦′(𝑥) + 𝑝𝑛(𝑥)𝑦(𝑥) + 

+ ∫ 𝐾(𝑥, 𝑡)

𝑏

𝑎

𝑦(𝑡)𝑑𝑡 = 𝑓(𝑥)  ,      𝑥 ∈ (𝑎, 𝑏)                1.2  

we obtain an integro-differential equation of the form 

An integro-differential equation of the form (1.2) can also be considered in an interval 

- if it is an integral or differential operator of fractional order,[𝑎, +∞)𝑃[𝑦] 

𝑝0(𝑥)𝑦(𝑛)(𝑥) + 𝑝1(𝑥)𝑦(𝑛−1)(𝑥) + ⋯ + 𝑝𝑛−1(𝑥)𝑦′(𝑥) +

+𝑝𝑛(𝑥)𝑦(𝑥) + 𝑤(𝑥)𝐷𝑎𝑥
𝛼 𝜔(𝑥)𝑦(𝑥) = 𝑓(𝑥), 𝑥 ∈ (𝑎, 𝑏)

(1.3) 

we have an integro-differential equation of the form, where and are given 

functions,𝑤(𝑥)𝜔(𝑥)𝑤(𝑥) ≢ 0,𝜔(𝑥) ≠ 0, 𝑥 ∈ [𝑎, 𝑏]; 𝛼 ∈ (0, 𝑛)- all 

The original problem for the integro-differential equations (1.1), (1.2) and (1.3) is 

formulated as follows: (1.1) [(1.2) or (1.3)] is continuous and[𝑎, 𝑏] 

𝑦(𝑎) = 𝑘0, 𝑦′(𝑎) = 𝑘1, … . , 𝑦(𝑛−1)(𝑎) = 𝑘𝑛−1 

Find a solution that satisfies the initial conditions here𝑘𝑗 =constant,𝑗 =

0, 𝑛 − 1 −numbers are given. If equations (1.2) and (1.3) are considered in the interval 

, then it is required to find their solution, satisfying the initial conditions specified 

above, also in the interval .[𝑎, +∞)[𝑎, +∞) 

NoteIn integro-differential equations (1.2) and (1.3) 

∫  
𝑥

𝑎

𝐾(𝑥, 𝑡)𝑦(𝑡)𝑑𝑡 va 𝐷𝑎𝑥
𝛼 𝜔(𝑥)𝑦(𝑥) 

Instead of operators, respectively 

∫  
𝑏

𝑥

𝐾(𝑥, 𝑡)𝑦(𝑡)𝑑𝑡 va 𝐷𝑥𝑏
𝛼 𝜔(𝑥)𝑦(𝑥) 

Operator derivation is also possible. There are many methods for finding solutions to 

initial value problems for integro-differential equations, and below we will introduce 

one of them with examples. 
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RESEARCH AND RESULTS 

Issue 1.1. 

𝑦′′(𝑥) +
1

7
sin 𝑥𝑦′(𝑥) +

1

7
𝑦(𝑥) + 

1

7
∫ sin(𝑥 − 𝑡)

1

0

𝑦(𝑡)𝑑𝑡 =  cos 𝑥 ,         𝑥 ∈ (0,1)                    1.4 

The equation is continuous in the interval and[0,1] 

𝑦(0) = 1, 𝑦′(0) = 2 (1.5) 

Find a solution that satisfies the initial conditions. 

YesGo away. In equation (1.4), we replace with and integrate the resulting 

equality over the interval . Taking into account the initial conditions (3.21), we 

obtain𝑥𝑧𝑧[0, 𝑥] 

𝑦′(𝑥) +
1

7
sin 𝑥𝑦(𝑥) +

1

7
∫  

𝑥

0

  (1 − cos 𝑧)𝑦(𝑧)𝑑𝑧 +

+
1

7
∫  

1

0

  [cos 𝑧 − cos (𝑥 − 𝑧)]𝑦(𝑧)𝑑𝑧 = 2 + sin 𝑥

 

An equation has been derived. This equation can also be obtained by taking 

into account the integral function and the condition on the interval, as indicated 

above:[0, 𝑥]𝑦(0) = 1 

𝑦(𝑥) +
1

7
∫  

𝑥

0

sin 𝑡𝑦(𝑡)𝑑𝑡 +
1

7
∫  

𝑥

0

𝑑𝑡 ∫  
𝑡

0

(1 − cos 𝑧)𝑦(𝑧)𝑑𝑧 + 

+
1

7
∫  

1

0

[𝑥cos 𝑡 − sin (𝑥 − 𝑡) − sin 𝑡]𝑦(𝑡)𝑑𝑡 = 2(𝑥 + 1) − cos 𝑥 

We obtain an equation. Here, by changing the order of integration in the 

iterated integral, we obtain an equation that is equivalent in strength (in the sense 

of having a solution) to the problem.{(3.20), (3.21)} 

𝑦(𝑥) +
1

7
∫  

𝑥

0

  [sin 𝑡 + (𝑥 − 𝑡)(1 − cos 𝑡)]𝑦(𝑡)𝑑𝑡 +

+
1

7
∫  

1

0

  [𝑥cos 𝑡 − sin (𝑥 − 𝑡) − sin 𝑡]𝑦(𝑡)𝑑𝑡 = 2(𝑥 + 1) − cos 𝑥

 

Let's make an equation. Here, if 

𝐾(𝑥, 𝑡) = {
𝑥 − 𝑡 + 𝑡cos 𝑡 − sin (𝑥 − 𝑡), 𝑥 ⩾ 𝑡
𝑥cos 𝑡 − sin (𝑥 − 𝑡) − sin 𝑡, 𝑥 ⩽ 𝑡

(1.6) 
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If we introduce the notations, the last equation can be written as follows: 

𝑦(𝑥) +
1

7
∫  

1

0

 𝐾(𝑥, 𝑡)𝑦(𝑡)𝑑𝑡 = 2(𝑥 + 1) − cos 𝑥, 𝑥 ∈ (0,1) (1.7) 

(1.6) y (𝑥) is a Fredholm integral equation of the second kind with respect to the 

unknown function . Considering that and the inequalities , the inequality follows 

from (3.22). Obviously, the parameter of the integral equation (1.6) is less than the 

number , i.e. . Considering this, as well as the continuity of the kernel at , the finite 

jump at , and the continuity of the right-hand side of equation (1.6), a solution to the 

integral equation (1.6) exists and is unique according to the Fredholm alternative. 

Suppose that the function is a solution to equation (1.6), i.e.𝑥, 𝑡 ∈ [0,1]|sin 𝑥| ≤

1, |cos 𝑥| ≤ 1sup|𝐾(𝑥, 𝑡)| < 3𝜆 = (1/7)[sup|𝐾(𝑥, 𝑡)|]−1(1/7) < (1/3)𝐾(𝑥, 𝑡)𝑥 ≠ 𝑡𝑥 =

𝑡𝑦0(𝑥) 

𝑦0(𝑥) +
1

7
∫  

1

0

𝐾(𝑥, 𝑡)𝑦0(𝑡)𝑑𝑡 = 2(𝑥 + 1) − cos 𝑥 

Let equality be appropriate. This is equality. 

𝑦0(𝑥) = −
1

7
∫  

𝑥

0

 𝐾(𝑥, 𝑡)𝑦0(𝑡)𝑑𝑡 −

−
1

7
∫  

1

𝑥

 𝐾(𝑥, 𝑡)𝑦0(𝑡)𝑑𝑡 + 2(𝑥 + 1) − cos 𝑥

 

can be written as. Taking into account (1.5), the last equality has the form 

𝑦0(𝑥) = −
1

7
∫  

𝑥

0

  [𝑥 − 𝑡 + 𝑡cos 𝑡 − sin (𝑥 − 𝑡)]𝑦0(𝑡)𝑑𝑡 −

−
1

7
∫  

1

𝑥

  [𝑥cos 𝑡 − sin 𝑡 − sin (𝑥 − 𝑡)]𝑦0(𝑡)𝑑𝑡 + 2(𝑥 + 1) − cos 𝑥

 

takes the form. Using this equality and taking into account that and , it can be shown 

by direct calculation that . Taking this into account and the equivalence of the 

integral equation (1.6) to the problem, it follows that the solution to the integral 

equation (1.6) is also a solution to the problem.𝑦0(𝑥) ∈ 𝐶[0,1]𝑦0(𝑥) ∈

𝐶2[0,1]{(3.20), (3.21)}{(1.4), (1.5)} 

Issue 1.2.𝑦′′(𝑥) + 𝑥𝑦′(𝑥) + 𝑥3𝑦(𝑥) + ∫
0

𝑥
 (1 + 𝑡2)𝑦(𝑡)𝑑𝑡 =

1

1+𝑥
, 𝑥 ∈ (0,1) 

Find a solution to the equation that is continuous on the interval and satisfies the 

initial conditions (3.21).[0,1] 
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YesGo away. Here also, replacing with in this equation, and then integrating 

twice over the interval,𝑥𝑧𝑧[0, 𝑥] 

𝑦(𝑥) + ∫  
𝑥

0

  [𝑡 + (𝑡3 − 1)(𝑥 − 𝑡) +
1

2
(1 + 𝑡2)(𝑥 − 𝑡)2] 𝑦(𝑡)𝑑𝑡 = 

= (1 + 𝑥) ln(1 + 𝑥) + 𝑥                    𝑥 ∈ (0,1)                  1.8 

We arrive at the second type of Volterra integral equation in the form (1.24), which 

is the core of the resulting integral equation. 

𝐾(𝑥, 𝑡) = 𝑡 + (𝑡3 − 1)(𝑥 − 𝑡) +
1

2
(1 + 𝑡2)(𝑥 − 𝑡)2 

The function is continuous on a square and has second-order derivatives, and the 

function on the right-hand side of the equation is continuous on the interval and has 

continuous second-order derivatives. Consequently, Volterra-type integral equations 

have a solution, equation (1.24), which is also a solution to problem 1.2.{(𝑥, 𝑡): 0 ≤ 𝑥 ≤

1,0 ≤ 𝑡 ≤ 1}𝑓(𝑥) = (1 + 𝑥)ln (1 + 𝑥) + 𝑥[0,1]𝑦0(𝑥) ∈ 𝐶2[0,1] 

Conclusion. 

Integro-differential equations are a natural generalization of differential and 

integral equations used to express the evolution of complex systems over time. These 

equations take into account the system's previous state and historical influences, 

allowing them to be used in many scientific fields. Analytical and numerical methods 

are seamlessly combined to find their solutions. Research shows that approaches 

using integral operators provide high accuracy and stability when modeling complex 

systems. 
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